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Abstract: We present a derivation of the chiral ring relations, arising in N = 1
gauge theories in the presence of (anti-)self-dual background gravitational field Gαβγ
and graviphoton field strength Fαβ. These were previously considered in the literature
in order to prove the relation between gravitational F-terms in the gauge theory and
coefficients of the topological expansion of the related matrix integral. We consider
the spontaneous breaking of N = 2 to N = 1 supergravity coupled to vector- and
hyper-multiplets, and take a rigid limit which keeps a non-trivial Gαβγ and Fαβ with
a finite supersymmetry breaking scale. We derive the resulting effective, global,
N = 1 theory and show that the chiral ring relations are just a consequence of the
standard N = 2 supergravity Bianchi identities . We can also obtain models with
matter in different representations and in particular quiver theories. We also show
that, in the presence of non-trivial Fαβ, consistency of the Konishi-anomaly loop
equations with the chiral ring relations, demands that the gauge kinetic function
and the superpotential, a priori unrelated for an N = 1 theory, should be derived
from a prepotential, indicating an underlying N = 2 structure.
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1. Introduction
In the last year there has been a considerable progress in computing glueball super-
potentials in N = 1 Super Yang-Mills (SYM) theories, as a result of the discovery
made in [1] that such computations can be efficiently organized by a matrix model
integral. Whereas the leading planar term of the latter is related to ordinary F-terms
in the gauge theory, higher genus contributions in the topological expansion of the
matrix model capture certain generalized gravitational F-terms, originally studied in
the context of type II string theories on Calabi-Yau manifolds [2, 3]. In particular,
the genus 1 term computes an F-term involving the gravitational background Gαβγ
to which the gauge theory couples. The non-trivial gravitational background is re-
sponsible for a deformation of the basic chiral ring relation among the gauginos of
– 1 –
the N = 1 SYM theory, as can be seen by starting from the Bianchi identities of
N = 1 supergravity coupled to super Yang-Mills. This fact plays a crucial role in
the proof of the identification of the superpotential term proportional to G2 with the
leading non-planar term in the matrix model integral.
As for the g > 1 terms however, the generalized superpotentials necessarily
involve the graviphoton field strength Fαβ and therefore cannot be understood within
the framework of N = 1 supergravity and the related tensor calculus. In [4, 5]
it has been proposed, with string theoretic motivations, that the basic chiral ring
relation, stating the Grassmann nature of the gluino superfieldWα, is deformed by the
presence of a non-trivial graviphoton field strength, whereas superspace coordinates
are unaffected. A different viewpoint has been taken in [6, 7], where instead the
Grassmann nature of the superspace coordinates is deformed.
The aim of this paper is to reconsider the above issue. In [8] we have shown that
the chiral ring relations one obtains for gauge invariant fields from the deformed chiral
ring relation {Wα,Wβ} = Fαβ+2GαβγW γ, can be obtained from the Bianchi identities
ofN = 2 supergravity coupled to abelian vector multiplets and spontaneously broken
by fluxes, in accordance with the open string (gauge theory)/closed string duality.
We would like to follow the same strategy on the super Yang-Mills side (we
will discuss also the possibility that this picture may arise from wrapped D5-branes
effective action). The idea here is to start from N = 2 supergravity coupled to
vector multiplets in the adjoint representation of a gauge group, that will be taken
to be U(N) (we will consider afterwards also hypermultiplets in the fundamental of
U(N)), break it spontaneously toN = 1, following the procedure in [9, 10] of gauging
two commuting translation isometries of the hypermultiplet quaternionic manifold
SO(4, 1)/SO(4), and then take a scaling limit that decouples the quantum gravita-
tional sector and hypermultiplet sector, while keeping a non trivial background for
Fαβ and Gαβγ. This involves taking the Planck mass mP to infinity, with finite super-
symmetry braking scale Λ and scaling consistently the various fields. The resulting
theory is an effective N = 1 U(N) gauge theory with a non trivial superpotential for
the adjoint chiral superfield Φ, coupled to the gravitational background of F and G.
Then, starting from the Bianchi identities of N = 2 supergravity [11] and expanding
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around the chosen vacuum we will derive precisely the chiral ring relation mentioned
in the previous paragraph. However, before claiming that we have obtained the super
Yang-Mills theory considered in [1], we have to settle two issues: the first is that,
since our N = 1 SYM theory comes from a spontaneously broken N = 2 theory, a
non-trivial superpotential for Φ implies also a non-trivial, Φ-dependent gauge func-
tion, which is related to the superpotential in a specific way, since both are obtained
from a prepotential. The second problem is that the N = 2 Bianchi identities that
give the wanted chiral ring relation, also give a relation of the form [Wα,Φ] ∼ FαβW β,
i.e. W and Φ do not commute in the ring.
Quite remarkably, the two problems cure each other: Φ can be redefined by an
appropriate shift proportional toW 2 in such a way that it commutes with W . Then,
after performing the same shift in the effective action, i.e. in the superpotential and
in the gauge function, one can show that all the non-trivial Φ and Λ dependence
in the latter cancels in the chiral ring, therefore leaving us with precisely the SYM
theory considered in [1].
We should stress here an important result of our analysis: in presence of a non-
trivial Fαβ, consistency of the loop equations with the chiral ring relations, demands
that the gauge function, a priori arbitrary for an N = 1 super Yang-Mills theory,
must be the one given by N = 2 supersymmetry. We regard this fact as a strong indi-
cation that our interpretation in terms of spontaneously broken N = 2 supergravity
is the correct one.
Finally, of course, the underlying N = 2 structure also implies that the adjoint
scalar superfield comes with a non-trivial kinetic Ka¨hler potential, which gives rise
to additional non-renormalizable interactions. However, from the point of view of
N = 1 super Yang-Mills, this is a D-term and therefore is not expected to modify
the loop equations in the chiral ring coming from the generalized Konishi anomaly.
The above strategy can be extended to include the case of matter in the (anti-
)fundamental representation of the gauge group [12]. To cover this case one has to
add to the previous case hypermultiplets. We start with hypermultiplets parametriz-
ing the quaternionic manifold U(2, N + 1)/U(2) × U(N + 1) and vector multiplets
in the U(1) × U(N) and gauge appropriately the hypermultiplets [13] to achieve
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supersymmetry breaking and U(N)-charged fundamental hypermultiplets. In this
way one gets, after decoupling, an effective N = 1 super Yang-Mills theory with
a trilinear coupling of Φ to chiral superfields in the N and N¯. Again, consider-
ing the Bianchi identities involving hypermultiplets, one can show that the chiral
ring relations involving fundamentals are unmodified by the non trivial gravitational
background. Other gauge groups and matter representations can also be incorpo-
rated in the discussion. In particular, quiver theories can also be obtained in this
way.
An obvious question finally arises, as to whether the above picture can be given
a D-brane interpretation. In the closed/open string duality of [14], we are deal-
ing, in the open string side, with D5-branes wrapped on two-cycles inside certain
non-compact Calabi-Yau manifolds. We have seen, in the field theoretic discussion,
that what triggers partial supersymmetry breaking is the gauging of two translation
isometries in the hypermultiplet’s manifold. That is, more precisely, certain scalars
in hypermultiplets are charged under the graviphoton U(1) and the “center of mass”
U(1) in U(N). Whereas the former is a bulk field, it is natural to identify the latter
with the center of mass degree of freedom of the D5-branes. In fact one can show
that there is the correct coupling of the center of mass U(1) with hypermultiplets
from the closed string sector (this was also noticed in [15]). However, due to the
non-compactness of the Calabi-Yau manifold, the issue of whether there is a gauging
by the graviphoton is not clear.
The paper is organized as follows: in section 2 we review the gauging formal-
ism in N = 2 supergravity coupled to vector- and hyper-multiplets and discuss the
gauging, which gives rise to partial supersymmetry breaking, in the case where only
U(N) vector multiplets are charged, after taking the rigid limit mP →∞. In section
3 we also explicitly write down the resulting N = 1 effective action. In section 4
we include hypermultiplets valued in the U(2, N +1)/U(2)×U(N +1) quaternionic
manifold, discuss their gauging, and the resulting supersymmetry breaking pattern.
We show that in the rigid limit we obtain the coupling of N and N¯ chiral multiplets
to the adjoint multiplet Φ and to the gauge multiplet W . In section 5 we derive the
chiral ring relations from the solution of the Bianchi identities of N = 2 supergravity
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of [11] after expanding around the vacuum which partially breaks supersymmetry.
In section 6 we discuss the generalized Konishi anomaly equations and show that, in
the presence of Fαβ, consistency demands that the gauge function and the superpo-
tential should both be derived from a prepotential, indicating an underlying N = 2
structure.
In appendix A we explain the conventions and notation we follow for the hyper-
multiplets, while in appendix B we prove that after the field redefinition for Φ the
gauge function become trivial in the chiral ring.
2. N = 2 gravity, gaugings and the rigid limit
In this section we provide the details of the N = 2 supergravity coupled with U(N)
vector multiplets, the gaugings of the vector multiplet manifold and the scalings of
the fields with the Planck mass to obtain N = 1 theory in the rigid limit. The details
of the N = 2 supergravity action along with the gaugings of the matter fields were
developed in a series of works by various authors [16, 17, 18, 19, 20], for the purposes
of this paper we use the Lagrangian and the conventions of [11]. Partial breaking of
N = 2 to N = 1 requires gauging a minimal hypermultiplet manifold by the U(1)
corresponding to the graviphoton and the overall U(1) [9]. For concreteness we take
the minimal hypermultiplet manifold to be SO(4, 1)/SO(4). The theory we discuss
below is the generalization of the one studied by [10] for the case of a U(1) vector
multiplet. We obtain the rigid limit by scaling the Planck mass to infinity in such a
way so as to retain a non dynamical supergravity background. This method provides
a natural way to derive the couplings of the background N = 2 supergravity fields
to the matter of the N = 1 theory after spontaneous breaking of supersymmetry.
2.1 Field content
N = 2 supergravity consists of the gravity multiplet and the matter multiplets. The
gravity multiplet contains the graviton, two gravitinos ψAµ , with A = 1, 2 and a U(1)
gauge field called the graviphoton. The matter multiplets are of two types, the vector
multiplets and the hypermultiplets. We provide the details of this sector below.
Vector multiplets
– 5 –
The scalars of the U(N) vector multiplets parametrize a 2N2 dimensional special
Ka¨hler manifold which is specified by following holomorphic section.
X0(z) =
1√
2
, F0(z) = − i√
2
(
2f(z)− za ∂f(z)
∂za
)
, (2.1)
X i(z) =
zi√
2
Fi(z) = − i√
2
∂f(z)
∂zi
,
Xn(z) =
i√
2
∂f(z)
∂zn
, Fn(z) =
zn√
2
.
Here the z’s are complex coordinates with indices i, j which take values from
1, . . . , (n − 1), while a, b take values from 1, . . . , n and n = N2, the number of
generators of U(N). The i, j indices parametrize the SU(N) directions while the
n index refers to the overall U(1) of U(N). We normalize the Killing metric of
SU(N) such that Tr(TiTj) = δij, where Ti stands for N × N Hermitian matrices
which generate SU(N). The last holomorphic section in (2.1) is necessary to make
the structure group of the N = 2 theory U(N). The action of the group U(N) on
the coordinates za is given by
UzU †, where z = (ziTi + z
n I√
N
), (2.2)
where I is the identity matrix. f(z) is any function which is invariant under the
action of U(N) on the coordinates z. N = 2 supersymmetry restricts the scalar
manifold to be special Ka¨hler, therefore these sections must satisfy
XΛ∂aFΛ − FΛ∂aXΛ = 0 (2.3)
here Λ = 0, . . . n. It is easy to verify from the ansa¨tz for the holomorphic symplectic
sections given in (2.1), the above condition is obeyed. The Ka¨hler potential is given
by
K = − log i(X∗ΛFΛ −XΛF ∗Λ), (2.4)
= − log[(f + f ∗)− 1
2
(za − za∗)(∂af − (∂af)∗)],
from which the the metric on the manifold is constructed by gab∗ = ∂a∂b∗K.
We now discuss the gauging of the vector multiplet manifold. To perform the
gauging we need to construct the Killing vectors of the manifold. From the con-
struction of the symplectic sections in (2.1) and the adjoint action of U(N) on the
– 6 –
coordinates za given in (2.2), we see that the following are the N2− 1 killing vectors
corresponding to the SU(N) subgroup of U(N).
kki ∂k = f
k
ijz
j∂k, k
k∗
i ∂k∗ = f
k
ijz
j∗∂k∗, (2.5)
ki = k
k
i ∂k + k
k∗
i ∂k∗
Here f cab are the structure constants satisfying
[Ti, Tj ] = if
k
ijTk, (2.6)
note that the killing vector satisfies the following commutation relation
[ki,kj ] = −fkijkk. (2.7)
N = 2 supersymmetry requires that the symplectic sections transform in the adjoint
representation of U(N), this is seen from the following equations
kki ∂kX
j = f jikX
k, kki ∂kFj = −fkijFk (2.8)
These equation ensures that the following constraints are satisfied
kjiX
i = kj∗i∗X
∗i = 0 (2.9)
The prepotential functions which generate these Killing vectors
Pi = −ikji ∂jK (2.10)
Given this definition of the prepotential functions, and using (2.7) and the fact that
the Ka¨hler two form is closed, one can show
gij∗(k
i
kk
j∗
l − kilkj∗k ) = f iklPi (2.11)
This concludes our discussion of the vector multiplets. The above informations are
sufficient to write down the explicit Lagrangian, which is given in [11].
Hyper multiplets
For partial breaking of N = 2 supersymmetry it is necessary that that that the
vectors are coupled to at least one hypermultiplet [9]. The reason for this is that
when N = 2 is broken to N = 1 the massive gravitino is part of a massive spin 3/2
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multiplet which contains two massive spin one fields. Thus the U(1), corresponding
to the graviphoton, and the overall U(1) should become massive by Higgs mechanism.
As the scalars of the vectors are in the adjoint representation, there must be at least
two scalars from the hypermultiplet sector which are eaten up by two U(1)’s. Thus
we have the condition that there must be at least one hypermultiplet and at least two
U(1) translational isometries of the hypermultiplet manifold which provide the Higgs
mechanism. To be specific about the hypermultiplet manifold, we choose to work
with the minimal model, which has a single hypermultiplet parametrizing the coset
SO(4, 1)/SO(4) 1 using coordinates bu, u = 0, 1, 2, 3. As SO(4, 1)/SO(4) is Euclidean
AdS4 the metric on this quaternionic manifold can be chosen to b huv = (
1
b0
)2δuv.
We choose the SU(2) connection ωx on the quaternionic manifold as
ωx = ωxudb
u, ωxu =
1
b0
δxu (2.12)
where x = 1, 2, 3. The quaternionic potentials is given by the field strength of the
SU(2) connections, they are given by
Ωx = Ωxuvdb
u ∧ dbv = dωx + 1
2
ǫxyzωyωz, (2.13)
Ωx0u = −
1
2(b0)2
δxu, Ω
x
yz =
1
2(b0)2
ǫxyz
To gauge the hypermultiplet manifold we need to introduce the corresponding
Killing vectors. We choose to gauge the hypermultiplet manifold by two translations
corresponding to the U(1) of the graviphoton and the overall U(1) of the structure
group U(N). The Killing vectors and the triplet of prepotentials PxΛ generating them,
are given as follows
ku0 = g1δ
u1 + g2δ
u2, kun = g3δ
u2, (2.14)
Px0 =
1
b0
(g1δ
x1 + g2δ
x2), Pxn = g3
1
b0
δx2, x = 1, 2, 3
It is easy to check that the prepotentials and the Killing vectors satisfy the Poisson
bracket condition for abelian gauge groups, given by
Ωxuvk
u
0k
v
n −
1
2
ǫxyzPy0Pzn = 0 (2.15)
1In the next section we will generalize our discussion to the manifold U(M, 2)/U(M)× U(2)
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To summarize, we have the following field content, N = 2 gravity multiplet,
N = 2 vector multiplet gauged under the group U(N) and a hypermuliplet charged
under the U(1) corresponding to the graviphoton and the overall U(1) of U(N). For
future reference we write down the general form for the scalar potential which arises
due to the gaugings of the vector multiplet manifold and the hypermultiplet manifold
V (z, z¯, b) = g2
[(
gab∗k
a
Λk
b∗
Σ + 4huvk
u
Λk
v
Σ
)
L¯ΛLΣ (2.16)
+ gab∗f
Λ
a f
Σ
b∗PxΛPxΣ − 3L¯ΛLΣPxΛPxΣ
]
Here LΛ = eK/2XΛ and fΛa = (∂a +
1
2
∂aK)L
Λ. Note that every term in the scalar
potential depends either on the moment maps or the Killing vectors.
2.2 Planck mass scalings
To obtain the rigid limit we need to take the Planck mass mp to infinity. In this
section we detail the Planck mass scalings of all the quantities involved in the N = 2
action, so that we can obtain the effective field theory in rigid limit. The fields
and the coordinates of the N = 2 supergravity action as written in [11] are all
dimensionless. To restore the canonical dimensions of the coordinates they are scaled
as xµ → mpxµ, while the supersymmetry parameter or the superspace coordinate is
scaled as ǫA → √mpǫA. We follow a similar procedure for all the quantities in the
Lagrangian. First we discuss the scalings involved in the geometry, for the function
f in (2.1), following [10] we assume the following scaling form
f(z) =
1
2
+
Λ
mp
zn +
Λ2
m2p
φ(z) (2.17)
here the scale Λ will be shown to be the supersymmetry breaking scale subsequently,
φ is an U(N) invariant function of zi. Note that the linear term is a function only
of zn. The sections X i and Fi are scaled as
X i → Λ
mp
X i, Fi → mp
Λ
Fi (2.18)
With these scalings for the holomorphic sections and f given by (2.17) we write down
the scaling form of the following geometric quantities, which will be repeatedly used
in our analysis
∂iK = −Λ
2
m2p
(
1
2
(∂iφ+ ∂i∗φ
∗)− 1
2
(za − za)∂i∂aφ
)
+O(
Λ3
m2p
), (2.19)
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∂nK = − Λ
mp
+O(
Λ2
m2p
),
gij∗ = −Λ
2
m2p
1
2
(∂i∂jφ+ ∂i∗∂j∗φ
∗) +O(
Λ3
m3p
),
gin∗ = −Λ
2
m2p
1
2
(∂i∂nφ+ ∂i∗∂n∗φ
∗) +O(
Λ3
m3p
),
gnn∗ =
Λ2
m2p
(
1− 1
2
∂n∂nφ− 1
2
∂n∗∂n∗φ
∗
)
+O(
Λ3
m3p
),
Note that the scaling behaviour of ∂iK and the Ka¨hler metric is consistent with
equation (2.11) relating the Killing vectors to the prepotential. The couplings of the
hypermultiplet to the U(1)’s are scaled as follows
g1 =
Λ2
m2p
ξ, g2 =
Λ2
m2p
e, g3 = 2
Λ
mp
m (2.20)
We now go over to discuss the scalings of the fields. We scale the N = 2
gravity fields so as to retain a non-dynamical gravity background while the gravity
fluctuations are scaled so that they decouple from the matter sector in the mp →∞
limit. Thus the resulting theory has only global supersymmetry, but it is coupled to
the N = 2 gravity backgrounds. The fields of the gravity multiplet scale as
V aµ → V a(b)µ +
1
mp
δV aµ , Tµν →
1
mp
T (b)µν +
1
m2p
δTµν , (2.21)
ΨAµ → 1√
mp
ΨbAµ +
1
m
3/2
p
δΨAµ.
Here V aµ stands for the vielbein, Tµν refers to the graviphoton field strength and ΨAµ
refer to the two gravitinos of the N = 2 gravity multiplet. Note that the ratio of
the fluctuations to the background is suppressed by 1/mp. As a simple example for
the decoupling of the matter sector from the fluctuations of the supergravity field,
consider a minimally coupled scalar whose kinetic term is canonically normalized. It
is easy to see then that the interaction with the fluctuation of the metric is down by
a factor of 1/m2p.
In the matter sector, the vector multiplets scale as
Gaµν →
1
Λmp
Gaµν , λ
a
A →
1
Λ
√
mp
λaA (2.22)
– 10 –
where Gaµν is the gauge field strength and λ
a
A are the two gauginos. These scalings
ensure that the kinetic terms for the gauginos and for the gauge fields are canonically
normalized. We do have to scale also the scalars of the vector multiplets by z → z/Λ,
in order to canonically normalize their kinetic term, however for convenience we will
reserve this for section 2.4. However there are terms in the Lagrangian which couple
the gravitational backgrounds of (2.21) to the matter sector and survive the mp →∞
limit. Though we will not keep track of these terms explicitly, we will incorporate
them in the analysis of chiral ring equations in section 5.
Finally the hypermultiplets scalings are given by
b0 → b0(b) + 1
mp
δb0, bx → 1
mp
bx, ξα → 1
m
3/2
p
ξα (2.23)
Note that the couplings of the hypermultiplets to the vectors is dictated by the
charges which are scaled as in (2.20). This and the above scaling for the hypermul-
tiplets ensures that bx and δb0 decouples from the dynamics. b0(b) is the background
value which enters as a coupling constant in the decoupled theory with global super-
symmetry.
3. Partial breaking of N = 2 in the rigid limit
In this section we look for vacua with N = 1 supersymmetry in the rigid limit.
In the rigid limit since fluctuations of the graviton and the hyperino decouple it
is sufficient to study the supersymmetry transformation of the gauginos and look
for vacua which preserve a single supersymmetry. As we mentioned before we will
not keep track of the gravitational background couplings to the resulting N = 1
theory in the Lagrangian but will include them in the analysis of the chiral ring
relations in section 5. In fact including the gravitational background couplings makes
it extremely cumbersome to write a compact form for the Lagrangian, without them
can summarize the resulting Lagrangians compactly in N = 1 superspace.
To analyze the supersymmetry of the vacuum we study the gaugino shifts which
are given by
δλAa = W aABηB + . . . (3.1)
=
(
ǫABkaΛL¯
Λ + i(σx)
B
C ǫ
CAPxΛgab∗f¯Λb∗
)
ηB + . . .
– 11 –
There are other terms in the supersymmetric variation of the gauginos which rep-
resent the dots. But the terms explicitly written down in (3.1) are alway present
irrespective of which gravitational backgrounds are turned on, therefore they dictate
the number of supersymmetry preserved at various vacua. Substituting the scalings
of all the fields in the above expression we obtain
δλAi = Λ2ǫAB
1√
2
f ijkz
k z¯jηB (3.2)
+ iΛ2
√
2ǫBC
1
b0
τ ia2
(
ξσ1CA δa∗n∗ + (eδa∗n∗ +mτ¯a∗n∗)σ
2C
A
)
ηB +O(
Λ3
mp
),
δλAn = iΛ2
√
2ǫBC
1
b0
τna2
(
ξσ1CA δa∗n∗ + (eδa∗n∗ +mτ¯a∗n∗)σ
2C
A
)
ηB +O(
Λ3
mp
),
where in b(0) we have suppressed the superscript to indicate the background and we
have defined
F(z) = i(zn)2 − 2iφ(z), (3.3)
τij(z) = τ1(z)ij + iτ2(z)ij = ∂i∂jF(z)
Now it is easy to see that we have a vacuum with N = 1 supersymmetry. Consider
the following vacuum values
zi = 0, τij =
(
− e
m
+ i| ξ
m
|
)
δij , τin = 0, τnn = − e
m
+ i| ξ
m
| (3.4)
For these values of the scalar field the shifts on the gauginos reduce to
δλAi = 0, (3.5)
δλAn = iΛ2
√
2ǫBC
1
b0
m(σ1 + iσ2)CAη
B
From this it is clear for the vacuum (3.4) there is one unbroken supersymmetry as
the shift on the gaugino λAn has one zero eigen value. Also note that the scale of the
supersymmetry breaking is controlled by Λ. Due to the gauging of the hypermultiplet
manifold and the vector multiplet manifold, there is a potential for the scalars of the
vector multiplet which is given by (2.16). The leading term in the potential which
will contribute in the mp →∞ limit is given by
V (z) = g2
Λ4
m4p
(
1
4
τ2ijf
i
lmz¯
lzmf jnpz
nz¯p (3.6)
– 12 –
+
1
b02
τnn2 ξ
2 +
1
b02
τab∗2 (eδan +mτan)(eδb∗n∗ +mτb∗n∗)
)
− Λ
4
m4p
1
2
(
ξ2 + e2 + 4m2
)
The mp dependence in the scalar potential cancel in the Lagrangian as the coordinate
x is scaled to x → mpx. The first term in the scalar potential arises from the first
term of (2.16), it corresponds to the scalar potential arising due to the D-term of a
rigid N = 1 theory. The second and third terms of (3.6) are due to the coupling of
the vectormultiplet manifold to the gaugings of the hypermultiplet manifold. These
terms are obtained by substituting the apropriate scalings in the third term of the
potential in (2.16). The constant contribution to the scalar potential in (3.6) in
obtained from the rigid limit of the second and the last term of (2.16). It is also easy
to see that the the vacuum (3.4) is the minimum of the above scalar potential. The
minimum value of the potential is infact not zero but is given by
Vmin = g
2 Λ
2
2b02
(4ξm− ξ2 − e2 − 4m2), (3.7)
thus it is clear that the vacuum (3.4) does not preserve N = 1 supersymmetry in the
fluctuations of the gravitational sector which are decoupled. However the gravita-
tional backgrounds do transform into each other under the fullN = 2 supersymmetry
transformations. This is because the constants shifts of the gravitinos are suppressed
with respect to the variation of the backgrounds by 1/mp, which is the same ratio of
scales between the background and the fluctuations. In the subsequent discussion,
as we will be interested in the rigid limit we will, neglect the zero point energy (3.7)
and will set the background moduli b0 = 1.
3.1 Structure of the theory about the N = 1 vacuum
To study the structure of the low energy theory which is obtained at the N = 1
vacuum we will first evaluate the mass matrices for the fermions and show that half
the fermions are massless and half of them are massive. Thus the gaugino of the
N = 2 vector multiplet splits into the partner of the N = 1 gauge multiplet and
a massive N = 1 chiral multiplet in the adjoint representation. The masses of the
fermions are extracted from the term MaAbB ¯λaAλbB where
MaAbB = 1
3
(
ǫABgaa∗k
a∗
Λ f
Λ
b + iσ
C
xAǫCBPxΛ∇afΛb
)
(3.8)
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The N = 1 vacuum preserves the U(N) gauge symmetry thus the expectation valued
< zi >= 0, which enables us to drop the first term in (3.8). To evaluate the second
term in the mass matrix we need the Christoffel symbols of the vector multiplet
manifold at the N = 1 vacuum to the leading order in Λ/mp. Using the scaling in
(2.19), the non vanishing Christoffel symbols to the leading order in Λ/mp are
Γnab = −τnn2 ∂a∂b∂nφ (3.9)
Substituting this and using the scaling of (2.17) and (2.20) we obtain
MaAbB = −Λ
3
m3p
1
6
√
2
ǫACm(σ
1 + iσ2)CB∂a∂b∂nφ
∣∣
za=0
(3.10)
The mp scaling of the fermion mass is such that the mass termMaAbBλ¯aAλbB scales
like Λ/m4p, which is the right scaling so that it survives in the mp → ∞ limit. The
fermion mass is proportional to Λ, the supersymmetry breaking scale as expected.
Now it is easy to see that this mass matrix has N2 zero eigenvalues, the corresponding
gauginos being members of the N = 1 gauge multiplets. The N2 non-zero eigenval-
ues, give mass proportional to ∂a∂b∂nφ to the fermions which are part of the N = 1
chiral multiplets. Thus from (3.10) we see that the fermions λi1 are the gauginos and
λi2 are the fermions of the chiral multiplets which become massive.
The structure of the N = 1 theory will be dictated by the superpotential for
the chiral multiplets and the gauge function. Since the N = 1 theory is obtained by
spontaneously breaking N = 2 the gauge function and the superpotential are closely
related, both of them are derived from a prepotential. We will see how this happens
for the theory we are discussing at the N = 1 vacuum. We organize the expansion
of the scalar potential in (3.6) around the the vacuum in (3.4) using the following
form for the expansion of the gauge function
τij =
(
− e
m
+ i| ξ
m
|
)
δij + τ
′
ij , (3.11)
τin = ∂iW,
τnn = − e
m
+ i| ξ
m
|+ ∂nW
This parametrization of τin and τnn can always be done because of its definition (3.3)
with W = ∂nF . Substituting this form into the expression for the scalar potential
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in (3.6) we obtain
V (z) = g2
Λ4
m4p
(
1
4
τ2ijf
i
lmz¯
lzmf jnpz
nz¯p +m2τab∗2 ∂aW(∂bW)∗
)
+ Vmin (3.12)
Before we go ahead we will fix the factor g that appears in the scalar potential. From
[11] we see that covariant derivatives of the scalar fields z are given by
dzi + gAΛkiΛ(z) = dz
i + gfΛk A
kf iΛ,jz
j + · · · (3.13)
=
1
mp
(dzi + g
1√
2
Akf ikjz
j + · · ·)
Here we have expressed the field AΛ in terms of the gauge fields Ai and the gravipho-
ton which are represented by the dots. In writing this equality we have ignored the
contribution to the covariant derivative from the graviphoton as the first term is suf-
ficient to fix the factor g. The second equation in (3.13) is obtained by substituting
the required scalings, now it is clear that g =
√
2 is a convenient choice so that we
obtain the standard commutator term without extra factors.
We now detail the structure of the N = 1 theory. From the scalar potential we
see that the N = 1 theory has a superpotential mW, a nontrivial gauge function τ
and a nontrivial Ka¨hler term with a non trivial metric for the scalars also given by
τ . To arrive at the N = 1 theory with a polynomial superpotential we choose the
following prepotential.
F = (− e
m
+ i| ξ
m
|)Tr(z
2)
2
+
p∑
k=1
1
(k + 1)(k + 2)
g′kTr(z
k+2) (3.14)
= (− e
m
+ i| ξ
m
|)Tr(z
2)
2
+ F ′
Here z refers to the N × N matrix given by z = zn√
N
I + ziTi. We have chosen the
prepotential so that it satisfies the condition that, at za = 0, one has the required
vacuum values as in (3.4). Thus from comparison of the expansion in (3.11) and the
scalar potential in (3.12) the superpotential is given by
W = m∂nF ′ = m√
N
p∑
k=1
1
k + 1
gkTr(z
k+1), (3.15)
= m˜
p∑
k=1
1
k + 1
gkTr(z
k+1).
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In the second equality we have absorbed a factor of
√
N by the redefinition m =
m˜
√
N for convenience. The gauge kinetic function is given by
τij = (− e
m
+ i| ξ
m
|)δij + ∂ijF ′, (3.16)
τin = ∂inF ′,
τnn = − e
m
+ i| ξ
m
|+ ∂nnF ′
Again from the expansion of the scalar potential we see that the Ka¨hler metric for
the scalars is given by τ2ij/2
Finally, before writing the resulting action in superspace we will restore the
canonical dimension of the scalar field z by scaling z → z/Λ and as a result given
dimensions to the couplings in the superpotential. To extract the canonical dimension
of the superpotential, one scales W → W/Λ3. Doing this would require the scaling
of the couplings gk → Λk−2gk, this ensures that that the scaled superpotential is
given by (3.15) with the understanding that the field z and the couplings have the
appropriate dimensions. However, the gauge kinetic function contains one more
derivative with respect to z, and therefore performing the same scaling of z and the
couplings in the gauge kinetic function we obtain the following scaling forms
τij = (− e
m
+ i| ξ
m
|)δij + 1
Λ2
∂ijF ′, (3.17)
τin =
1
Λ2
∂inF ′,
τnn = − e
m
+ i| ξ
m
|+ 1
Λ2
∂nnF ′
Note that if one is interested in the dynamics of the theory at scales much smaller
that the supersymmetry breaking scale Λ we obtain a N = 1 theory with a trivial
gauge kinetic function and a trivial Ka¨hler metric for the scalars leading to theory
discussed in [1]. We summarize the N = 1 theory obtained from partial breaking of
N = 2 in superspace.
S = − i
4
∫
d2θτab(Φ)W
aW b +
∫
d2θW(Φ) + SKahler, (3.18)
SKahler =
∫
d4θK(Φ,Φ†),
K(z, z¯) =
i
4
(
za∂a∗F¯ − z¯a∂aF
)
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Here the Ka¨hler potential is of dimension 2 and we have used the scaled z and the
scaled couplings. This is the non-Abelian generalization of theN = 1 model obtained
by [21] for partial breaking in rigid N = 2 theories.
4. Partial breaking with hypermultiplets in the rigid limit
As we have seen in the previous section we need at least one hypermultiplet in the
hidden sector in order to break N = 2 supergravity. The low energy theory in the
rigid limit was N = 1 with an adjoint chiral multiplet. In this section we would
like to generalize the discussions of the previous section to obtain chiral multiplets
charged in the fundamental representation of the gauge group in the rigid limit of
spontaneously broken N = 2 supergravity. We will discuss the case of obtaining
chiral multiplets charged in the fundamental of U(N) in detail and then outline the
case for other representations.
We discuss the field content and the gaugings necessary in detail. We start with a
n+1 dimensional special Ka¨hler manifold for the vector multiplet. The holomorphic
sections on this manifold is given by
X0(z) =
1√
2
, F0(z) = − i√
2
(
2f(z)− za ∂f(z)
∂za
)
, (4.1)
X i(z) =
zi√
2
Fi(z) = − i√
2
∂f(z)
∂zi
,
Xn+1(z) =
i√
2
∂f(z)
∂zn+1
, Fn+1(z) =
zn+1√
2
.
Note that, other than for the inclusion of an additional coordinate, this holomorphic
sections is similar to (2.1). Here i, j take values from 1, . . . n, and a takes values from
1 to (n + 1) = m. The i, j indices parametrize the U(N) directions, with n = N2,
while the m th direction corresponds to an additional U(1). Thus we start with
the gauge group U(N) × U(1). We need this additional U(1) as it is not possible
to obtain hypers with respect to the single U(1) for N = 1 obtained by partially
breaking N = 2 [22]. Thus we need an additional U(1) to provide U(1) charges
for the hypers. In the spontaneously broken theory the U(1) responsible for the
gauging which partially breaks the supersymmetry will be decoupled. The action of
the group U(N) on the coordinates zi is the given by U(ziTi)U
†, here Ti stand for
– 17 –
the the N ×N Hermitian matrices which generate the full group U(N). The section
(4.1) satisfy the special Ka¨hler condition given in (2.3). The Ka¨hler potential and
the Killing vectors are given by similar equations as (2.4) and (2.5), except that the
structure group is U(N) and the coordinates i, j, k run from 1 to N .
To obtain matter in the fundamental representation of U(N) it is convenient
to take the hypermultiplet manifold to be the following homogeneous, symmetric,
quaternionic manifold
M = U(2, N + 1)
U(2)× U(N + 1) (4.2)
This manifold has dimension 4(N + 1). Indeed we need one additional hypermulti-
plet to play the role of SO(4, 1)/SO(4) of the previous section. this is the minimal
requirement for spontaneous breaking of N = 2 supergravity, however here the hy-
permultiplet is non-trivially embedded in M. We parametrize this coset manifold
using the following (3 +N)× (3 +N) matrix
L(q) =
(√
1 + qq† q
q†
√
1 + q†q
)
=
(
r1 q
q† r2
)
(4.3)
here q is a 2× (N + 1) matrix with complex entries. We label the entries as qAu, A
running over 1, 2 and u running over 1, . . .m. Note that this parametrization ensures
that L satisfies
LΩL† = Ω, (4.4)
Ω =
(−12×2 0
0 1(N+1)×(N+1)
)
From this parameterization, the coset vielbein E, the U(2) connection θ and the
U(N + 1) connection ∆ are given by
E = r1dq − qdr2 = dq − 1
2
qdq†dq +O(q4), (4.5)
θ = r1dr1 − qdq† = 1
2
(dqq† − qdq†) +O(q3),
∆ = r2dr2 − q†dq = 1
2
(dq†q − q†dq) +O(q3)
The metric on the quaternionic manifold M is given by
ds2 = E† ⊗ E = dq†dq − 1
2
(
q†dqq†dq + dq†qdq†q
)
+O(q4) (4.6)
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We have written down the expansion in powers of q as it will be useful for us later,
in taking the mp → ∞ limit. The HyperKa¨hler 2-form Kx and the SU(2) triplet
1-forms are given by
Kx =
1
2
Tr(E† ∧ σxE), wx = −1
2
Tr(θσx) (4.7)
where σx refers to Pauli spin matrices. We denote the vielbein 1-form as UAai, where
we have split the Sp(2N + 2) indices as ai with a = 1, 2 and i = 1, . . . N + 1. The
components of the vielbein 1-form are defined by
UAai = UAaiBu dqBu + UAaiBu¯ dq¯Bu¯, (4.8)
= δa1ǫABδijEBj + δa2δABδijE†jB
We now write down the Killing vectors corresponding to the isometries of the
manifold M. For every element g ∈ u(2, N + 1), the Lie algebra of U(2, N + 1), the
following action is an isometry
δL ≡ (kAug
∂
∂qAu
+ kAu¯g
∂
∂qAu¯
)L = gL− Lwg (4.9)
where g ∈ u(2, N + 1). wg ∈ u(2) ⊕ u(m) is the right-compensator, which depends
on g and is needed to keep δL in the form of (4.3). g and wg are parametrized by
g =
(
a b
b† c
)
∈ u(2, N + 1), wg =
(
w1 0
0 w2
)
∈ u(2)⊗ u(N + 1) (4.10)
with a and b anti-hermitian matrices. Expanding (4.9) out we get
δq = aq + br2 − qc− qwˆ2 = aq + r1b− qc+ wˆ1q, (4.11)
w1 = q + wˆ1, w2 = c+ wˆ2
To leading order the solutions for wˆ ’s in terms of g is is given by
wˆ1 =
1
2
(bq† − qb†) +O(q3), wˆ2 = 1
2
(b†q − q†b) +O(q3) (4.12)
Using all this killing vectors to the leading order in q for a given g is given by
~ka = (aq)
Au ∂
∂qAu
+ (q†a†)u¯A
∂
∂q†Au¯
, (4.13)
~ka = −(qc)Au ∂
∂qAu
− (c†q†)u¯A ∂
∂q†Au¯
,
~ka = (b)
Au ∂
∂qAu
+ (b†)u¯A
∂
∂q†Au¯
,
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where we have used the subscripts to denote the entry of g. Therefore Killing vector
for the group element g is given by ~kg = ~ka + ~kc + ~kb. From the Killing vectors is
easy to compute the moment map, which is defined by the equation
i~kgK
x = −∇Px (4.14)
From the fact that the curvature of the SU(2) connection is proportional to the
HyperKa¨hler structures, we can solve the above equation by the ansa¨tz
Pxg =
1
2
Tr
[(
σx 0
0 0(N+1)×(N+1)
)
L−1gL
]
(4.15)
For later convenience we write down the leading contribution to the moment maps
from a, b and c of the isometry g.
Pxa =
1
2
Tr
(
σxa+
σx
2
(qq†a+ aqq†)
)
, (4.16)
Pxb = −
1
2
Tr
(
σxqb† − σxbq†) ,
Pxc = −
1
2
Tr
(
σxqcq†
)
We now give the two commuting matrices, which belong to the Lie algebra
u(2, N + 1), which are the generators of R2. We will gauge along this isometries
to break supersymmetry. These Killing directions function as the two translation
isometries of the minimal hypermultiplet manifold SO(4, 1)/SO(4) that we used in
the previous section to break supersymmetry.
g0 = i


ξ
2
i e
2
− ξ
2
1
2
√
2
(e + 2iξ) 0 · · ·
−i e
2
− ξ
2
ξ
2
1
2
√
2
(e− 2iξ) 0 · · ·
1
2
√
2
(−e+ 2iξ) 1
2
√
2
(−e− 2iξ) −ξ 0 · · ·
0 0 0
... MIN×N


(4.17)
gn+1 = i


0 im m√
2
0 · · ·
−im 0 m√
2
0 · · ·
− m√
2
− m√
2
0 0 · · ·
0 0 0 0 · · ·
...
... · · ·


Here the parameters ξ, e,m are real, and it is easy to see that these isometries com-
mute. Both of them contain a non zero b component, thus they generate translations
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also, these isometries are used to break supersymmetry. The remaining isometries,
which ensure that the hypermultiplets surviving the supersymmetry breaking in the
rigid limit are gauged with respect to the U(N) gauge fields, are given by
gi =


0 0 0 0 · · ·
0 0 0 0 · · ·
0 0 0 0 · · ·
0 0 0 0 iT iN×N

 (4.18)
here T i are N ×N Hermitian generators of U(N).
We provide the various scalings necessary in order to obtain N = 1 supersym-
metry in the rigid limit. The scalings of the vector multiplet manifold are given
by
f(z) =
1
2
+
Λ
mp
zm +
Λ2
m2p
φ(z, zm), (4.19)
X i → Λ
mp
, Fi → mp
Λ
Fi
The gaugings in (4.17) are scaled as follows
ξ → Λ
2
m2p
ξ, e→ Λ
2
m2p
e, m→ Λ
mp
m, M → Λ
mp
M (4.20)
The gravity multiplet and the vector multiplet scale as in (2.21) and (2.22) respec-
tively The hypermultiplet fields scale as
qu → 1
mp
qu, ζα → 1
m
3/2
p
ζα (4.21)
where we denote by ζ the hyperinos, partners of the q’s. The supersymmetry varia-
tion with these scalings are given by
δλAi = Λ2ǫAB
1√
2
f ijkz
k z¯jηB (4.22)
− i
√
2Λ2ǫCAτ
ia
2 (σx)
B
C (Px0 δa∗n∗ + 2Pxmτ¯a∗n∗) ηB +O(
Λ3
mp
),
δλAn = −i
√
2Λ2ǫCAτ
na
2 (σx)
B
C (Px0 δa∗n∗ + 2Pxmτ¯a∗n∗) ηB +O(
Λ3
mp
)
It is clear that we can still choose the vacuum values for the vector multiplet moduli
to be given similar to (3.4).
zi = 0, τij = (− e
m
+ i| ξ
m
|)δij , τim = 0, τmm = − e
m
+ i| ξ
m
| (4.23)
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Substituting these values in the first equation of (4.22) we see that variation δλAi = 0.
To see the reduction of supersymmetry down to N = 1, we consider the last second
equation of (4.22), after substituting the values of the moment maps, we see that
the only contribution comes from Pxa , the others being suppressed by 1/mp. The
variation is given by
δλAn =
√
2Λ2ǫACm(σ
1 + iσ2) BC η
B (4.24)
Therefore we see now that this vacuum has one unbroken supersymmetry.
We expand the theory around this vacuum and write down the structure of the
resulting N = 1 theory. The leading terms in the scalar potential, which survive in
the rigid limit is given by.
V = g2(V1 + V2 + V3 + V4), (4.25)
V1 =
Λ4
m4p
(
1
4
τ2ijf
i
lmz¯
lz¯mf jnpz
nz¯p
+ τnn2 (
ξ
2
)2 + τab2 (
e
2
δam +
m
2
τam)(
e
2
δbm +
m
2
τ¯bm)
)
V2 = =
1
m4p
1
4
τ ij2 Tr(σ
xqTiq
†)Tr(σxqTjq
†)
+
Λ2
m4p
1
2
τmi2
(
ξTr(σ1qTiq
†) + eTr(σ2qTiq
†)
)
+
Λ2
m4p
m
4
τai2 (τma + τ¯ma)Tr(σ
2qTiq
†)
V3 =
Λ2
m4p
(
2Tr(qM2q†) + 2Tr(qMTiq
†)(zi + z¯i)
)
V4 = −Λ
4
m4p
(e2 − 5ξ2 + 4m2)
Note that the first hypermultiplet, qA1, is massless, and it does not contribute to
the scalar potential. Thus it plays the same role as the modulus b0 in the discussion
of the previous section. We now expand this potential around the minima (4.23),
adopting the same form for the expansion of the gauge function as in (3.11)
τij = (− e
m
+ i| ξ
m
|)δij + τ ′ij , τim = ∂iW, τmm = −
e
m
+ i| ξ
m
|+ ∂mW, (4.26)
Substituting these expansions in the scalar potential (4.25) we obtain
V1 = (
Λ
mp
)4
(
1
4
τ2ijf
i
lmz¯
lzmf jnpz
nz¯p + 2mξ + (
m
2
)2τab∗2 ∂aW(∂bW)∗
)
, (4.27)
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V2 =
1
m4p
(
1
4
τ ij2 (q
1Tiq
2 − q2†Tjq1†)2 + (q1Tiq2)(q2†Tjq1†)
+ i
mΛ2
2
τ ji2 ∂jW(q2†Tiq1†)− i
mΛ2
2
τ ji2 (∂jW)∗(q1Tiq2)
)
,
V3 =
Λ2
m4p
(
2M2q1i∗q1i + 2M2q2i∗q2i + 2(q1MTiq
1† + q2†MTiq
2)(zi + z¯i)
+ 2q1{Ti, Tj}q1†ziz¯j + 2q2†{Ti, Tj}q2ziz¯j
)
Here we have split the N = 2 hypermultiplets into two N = 1 chiral multiplets
(q1, q2†), thus if q1 transforms in the fundamental representation of U(N) q2 trans-
forms in the anti-fundamental representation of U(N). It is clear from the structure
of the terms in the scalar potential in (4.27), this transformation property of the
hypermultiplets is obeyed.
Using the fact that we have N = 1 symmetry and the information from the full
scalar potential, we can write down the action for the spontaneously broken theory in
a manifestly N = 1 invariant way, i.e. in superspace. For a theory with a polynomial
superpotential for z we choose the following prepotential
F = (− e
m
+ i| ξ
m
|)Tr(z
2)
2
+ zm
p∑
k=1
1
k + 1
g′kTr(z
k) (4.28)
The prepotential in (4.28) satisfies the condition that at za, one has the required
vacuum values as in (4.23). We can also consider adding a term independent of zm
in the above superpotential, but we will restrict ourselves the the form in (4.28).
The superpotential is given by W = m
2
∂mF . Now in addition to performing the
similar scalings as in section 3, to restore the canonical dimensions of the scalars z
and the superpotential we have to redefine M → M/Λ. As in the previous section
it will lead to a theory with a superpotential independent of Λ but with a non-
trivial Λ dependent gauge kinetic term and a Ka¨hler term for the scalars. Using
the scalar potential in (4.27) we can summarize the resulting theory in N = 1
superspace language if we set the background N = 2 supergravity fields to zero for
convenience. The N = 2 vector multiplet breaks up into a N = 1 gauge multiplet W
and a massive N = 1 chiral multiplet Φ in the adjoint representation of U(N). The
N = 2 hypermultiplets break up into two N = 1 chiral multiplets Q1 and Q2 in the
fundamental and anti-fundamental representation of U(N). The N = 1 superspace
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effective action, obtained from spontaneously broken N = 2 action, is given by
S = SPotential + SKahler + SGauge + SHyper, (4.29)
SPotential =
∫
d2θ
(
Tr(Q1ΦQ2 +
m
2
W(Φ) + Tr(Q1MQ2)
)
,
SGauge =
∫
d2θτab(Φ,Φ,
m )W aW b,
SKahler =
∫
d4θK(Φ,Φm; Φ†,Φ†m)
SHyper =
∫
d4θ(Q†1Q1 +Q
†
2Q2)
Note that a, b run over 1, . . .N + 1, which include the U(1) gauge multiplet under
which the chiral multiplets Q1 and Q2, in the N¯, N of U(N) respectively, are not
charged. We have also explicitly indicated the dependence of the gauge function τ
and the Ka¨hler kinetic term on the chiral multiplet corresponding to zm, the Ka¨hler
metric is given by τab. The kinetic term for the hypermultiplets is the standard one
as in the mp →∞ limit the metric on the quaternionic space is flat (4.6). It is clear
that the superpotential does not depend on Φm for the choice of the prepotential
given in (4.28). Note that in the superpotential chiral multiplets coming from the
hypers couple to those from the vectors only linearly. This is a consequence of the
fact that this theory is obtained from N = 2 theory.
Although in this section we have focused on obtaining chiral multiplets in the
fundamental and anti-fundamental representation of U(N) gauge group, the gener-
alization to arbitrary (complex) representation is straightforward 2. Indeed, for an
R-dimensional representation of U(N), we can start with the quaternionic manifold
U(2, 1+R)/U(2)×U(1+R) for the hypermultiplets. The gauging now is done exactly
as above with the representation matrix T iN×N in the eq.(4.18) for gi replaced by rep-
resentation matrices T iR×R. Since the representation is unitary it is clear that T
i
R×R
are in the Lie algebra of U(R). Furthermore, if the representation R is reducible,
then we can include different masses for different irreducible factors in the equation
(4.17) for g0. The rest of the analysis goes exactly as above leading upto the N = 1
action (4.29), where now Φ appearing in the term Q1ΦQ2 is in the R-dimensional
representation.
2The resulting models are always vector-like, i.e. if a chiral multiplet transforms in a complex
representation then there is another chiral multiplet in the complex conjugate representation.
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Generalization to other gauge groups is also straightforward. For a gauge group
G one starts with a symplectic section (XΛ, FΛ) exactly as given in (4.1) with
n = dim(G). The Ka¨hler potential and the Killing vectors are the same as in eqs.
(2.4) and (2.5), except that the structure group is G and the indices i, j, k run from
1 to dim(G). One can also get matter in arbitrary unitary representation R of group
G by starting with the quaternionic manifold given in the previous paragraph and
replacing T i’s by the corresponding representation of G. In particular we can get
quiver theories by choosing G to be the product of
∏k
a=1 U(Na) modulo the center
of mass U(1) (the role of the center of mass U(1) is played here by one of the U(1)’s
which gauges a translational symmetry under which the remaining hypers are neu-
tral). We can get the bi-fundamental chiral fields by gauging a suitable quaternionic
manifold. For example, for Ak quiver theory, we can choose the quaternionic mani-
fold U(2, n + 1)/U(2) × U(n + 1) with n = ∑k−1a=1NaNa+1 and gauge in an obvious
way by means of suitable representation matrices T i. In fact, the example discussed
in detail in this section, is an example of A2 quiver theory with the gauge group
U(N) × U(1), where the center of mass U(1) is the extra U(1) that gauges one of
the translational symmetries of the hypers.
5. Chiral ring relations from N = 2
In this section we derive the chiral ring relations from the solutions of the Bianchi
identities ofN = 2 supergravity. We look for the appropriate solutions of the Bianchi
identities from [11] and expand them around the vacuum which partially breaks
supersymmetry, retaining the relevant N = 2 gravity backgrounds. Our discussion
will be focused on the case of N = 2 gravity coupled to U(N) vector multiplets along
with the minimal hypermultiplet responsible for partial breaking of supersymmetry,
this was the case discussed in section section 3. We will briefly indicate the derivation
of the chiral ring relations for matter in the fundamental representation.
Before we go into the details, we will first indicate the strategy followed in
deriving the chiral the ring relations. Consider a N = 2 chiral superfield V (M1,M2,...),
here the symbols (M1,M2, . . .) refer to the either internal symmetries or to bosonic
and spinorial indices in superspace. We obtain relations in the chiral ring of N = 1
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supersymmetry by considering the following D¯ exact quantity
D¯1α˙(Dαα˙V
(M1,M2,...)) = [D¯1α˙, Dαα˙]V
(M1,M2,...) (5.1)
Here the 1 in superscript of the covariant derivative refers to the unbroken N = 1
supersymmetry. To write down the above equality we have used the fact that the
superfield V is chiral, thus the commutator of the covariant derivatives in (5.1) can
be set to zero in the N = 1 chiral ring. From the definition of covariant derivatives
in superspace we have the following
(DNDO − (−1)noDODN)V (M1M2...) (5.2)
= −RM1NOPV (PM2...) −RM2NOPV (M1D...) − · · · − T PNODPV (M1M2···)
Thus the above combination of torsions, curvatures acting on a chiral superfield
vanishes in the chiral ring, providing the relation we are looking for. To make our
job simpler we will actually look at the commutator of covariant derivatives acting
on the bottom component of a N = 1 superfield and then promote the identity we
obtain to a N = 1 superfield relation. To evaluate the torsion and the curvatures
involved in identities like (5.2) we appeal to the solutions of the Bianchi identities
found in [11]. Consider the following Bianchi identity
∇2V M = V NRMN , (5.3)
here V M is a superfield valued form in N = 2 superspace, ∇ is the covariant deriva-
tive. Given a set of vielbein’s in N = 2 superspace we can expand the covariant
derivative as ∇ = EMDM , where EM are the supervielbein’s in N = 2 superspace.
For example the θ = 0 components of the supervielbein in N = 2 superspace can be
chosen to be EM = (V aµ dx
µ, ψAµ dx
µ, ψµAdx
µ). 3 In (5.3) the curvature RMN is a two
form valued in superspace. Expanding the left hand side in flat indices we get
V NRMN = ∇(ENDNV M), (5.4)
= EN∇(DNV A) +∇(EN)DNV M ,
= ENEODODNV M + TNDNV O
3We have followed the notation of [11] to indicate the chiralities of the spinors. For the gravitinos,
ψA is antichiral and ψA is chiral.
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Note that in the last equality in the above equation one has the torsion piece and the
commutator of the covariant derivatives. We can obtain the commutator relevant to
(5.1) by looking for specific components in the above equation, namely we look for
components with one spatial index, the αα˙ component and one antichiral index in
the N = 1 superspace. The equations (A.6) to (A.18) along with (A.26), (A.27) and
(7.58) of [11] provide the information of the curvatures in (5.4), while the torsions
can be read from equations (A.23) and (A.24) and (A.25).
We will now show how this procedure works in detail. Consider the following
Bianchi identity obtained in [11]
∇2zi = g (FΛ − L¯Λψ¯A ∧ ψBǫAB − L¯Λψ¯A ∧ ψB) kiΛ(z) (5.5)
where zi is thought of as zero form in N = 2 superspace. Expanding the left hand
side in terms of flat space derivatives we obtain
∇2zi = EMENDNDMzi + TMDMzi (5.6)
The first term in the right hand side of the above equation is the commutator of
the covariant derivatives. We need to look for indices with either M or N being
the equal to the one spatial index and one anti-chiral spinorial index in the N = 1
superspace, to obtain the commutator of covariant derivative in (5.1). Now consider
the torsion term in (5.6), from [11] equation (A.23), we see that a torsion with bosonic
component vanishes, thereforeM must take values along the spinorial directions, this
allows us to write the torsion contribution as
TMDMzi = ρADAzi + ρADAzi (5.7)
From the equation
∇zi = Z¯ iaV a + λ¯iAψA (5.8)
we see that the second term of (5.7) drops out, as the covariant derivative of zi does
not have any component in the anti-chiral directions. The component of the torsion
relevant for us is
ρA =
[
igSABηab + ǫAB(T
−
ab + U
+
ab)
]
γbψB ∧ V a + . . . , (5.9)
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Now we look for the components which contribute from the curvature on the right
hand side of (5.5), again the component relevant for us is
FΛ =
(
ifΛi λ¯
iAγaψ
BǫAB
) ∧ V a + . . . (5.10)
Equating the coefficients with one anti-chiral spinor index and a spatial index of (5.5)
and (5.6), we obtain
igfΛj λ¯
jAγaǫABk
i
Λ = λ¯
iA
(
igSABηab + ǫAB(T
−
ab + U
+
ab)γ
b
)
+ [DB,Da]zi (5.11)
To extract the commutator in (5.1) we need to consider the the anti-chiral spinor
index to be that which corresponds to the unbroken N = 1. From the breaking pat-
tern discussed in section 3, this supersymmetry corresponds to B = 1. Substituting
the fields, including the N = 2 gravity backgrounds and the scalings involved in
obtaining the rigid limit, we obtain
T−abλ¯
i2 = iλ¯j2γaf
i
jlz
l (5.12)
As we have seen from the calculation of the mass of the fermions in the spontaneously
broken theory in (3.10), the gauginos of the N = 1 theory correspond to λi1 which
we denote by λi. Thus the above equation reduces, after a conjugation and some
gamma matrix manipulation to
if ijkλ
j
αz
k =
1
2
T−αβλ
βi (5.13)
or in matrix notation to
[λα, z] =
1
2
Tαβλ
β (5.14)
where 4 Tαβ = 2γ
ab
αβT
−
ab and T
− stands for the self-dual components of the gravipho-
ton field strength background, we have suppressed the superscript (b) denoting the
background for convenience.
There are two methods to obtain the second chiral ring relation. We will present
the quick method here to have an understanding of the structure of the second ring
relation and then present the detailed method using the Bianchi identities. Thinking
4The factor 2 occurs in passing from the conventions of the Lorentz generators of [11] to that of
[23]. We use the conventions of the latter to write the chiral ring relations in their final form.
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of the relation in (5.14) as a relation in N = 2 superspace, we can obtain the
second ring relation by performing a supersymmetry transformation with the broken
supersymmetry generators, that is generators with the 2 index. Thus the second ring
relation is given by
if ijkλ
j
αλ
k
β =
1
2
TαβDδ
in +
1
2
ψαβγλ
γi (5.15)
where Dδin is the expectation value of the D-term that we have turned on due
to gauging from the hypermultiplet 5. We will see that in the detailed analysis
D = 2Λ2m and ψαβγ is the N = 1 gravitino field strength background. To obtain
(5.15) from (5.13) we we have used the following supersymmetry transformations
δ2z
i = λiαη
α, δ2λ
αi = Dδinηα, δ2Tαβ = −ψαβγηγ. (5.16)
Let us now see in detail how the second ring relation comes about using Bianchi
identities. Consider the Bianchi identity which involves ∇2 acting on λiA
∇2λiA + 1
4
γabR
abλiA +
i
2
KˆλiA + Rˆijλ
jA − i
2
RˆAB ∧ λiB = 0 (5.17)
Again following the similar procedure of expanding the left hand side of the above
equation in flat space indices and looking for the components with one anti-chiral
spinorial index and one spatial index, we obtain the following equation
−i
4
ηca
(
2γ[dρ
b]c
B + γ
cρdbB
)
(γdbλ
iA)− iǫCBγaλkCf ijkλjA (5.18)
+
√
2ǫCBT
−
abγ
bW iACmpΛ + [DB, Da]λ
iA = 0.
Here we have substituted for all the fields and their scalings involved, except W iAC .
Now consider the component with B = 1 and A = 2. After some gamma matrix
manipulation and using the on shell conditions on the gravitino background we obtain
the following chiral ring relation.
iTαβΛ
2mδin +
1
2
ψαβγλ
γi = if ijkλ
j
αλ
k
β (5.19)
In the above equation we have substituted the value of W iAC at the N = 1 vacuum,
we will show subsequently how fluctuations around this vacuum value are D¯ exact
terms. The gravitino field strength iρab1 has been replaced by ψ
ab 6.
5It is the 22 component in the supersymmetry variation (3.5).
6This factor of i occurs when changing from the signature conventions of [11] to [23].
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It is important to note that the for the component i = n, the U(1) part the right
hand side of (5.19) vanishes and we are left with the relation
iTαβΛ
2m+
1
2
ψαβγλ
γn = 0 (5.20)
This is in contrast with the proposal of [4] and [5], there it was assumed that the
presence of the graviphoton renders the gaugino non-Grassmanian, thus according
to this proposal there would be a contribution from the the Abelian part on the
right hand side of (5.19). We see here that within the framework of N = 1 theories
obtained from spontaneously broken N = 2 theories, the presence of the graviphoton
in the chiral ring relations is a consequence of Bianchi identities and traditional
supergravity tensor calculus. As a result there is no drastic change in the Grassmann
nature of the gaugino superfield or of the superspace coordinates.
As the two chiral ring relations in (5.13) and (5.19) are written in terms of bottom
components of N = 1 superfields, we can promote these equations to an equation in
N = 1 superspace. Thus the chiral ring relations are given by
[Wα,Φ] = − i
2Λ2m˜
FαβW
β, (5.21)
[Wα,Wβ] = Fαβ + 2GαβγW
γ
Here we have used the fact that the bottom component of Gαβγ is given by ψαβγ/4
[24]. We have also rescaled the graviphoton with Fαβ = mΛ
2/
√
NTαβ. This ensures
that the dimensions for the graviphoton is 3. The factor of
√
N appears in writing
the (5.19) as a matrix equation since the U(1) generator is I/
√
N , finally m =
√
Nm˜.
In deriving the ring equations (5.21) from the Bianchi identities, we have ne-
glected the fluctuations in the D terms and just substituted the background U(1)
valued D-term proportional to Λ2m. We argue that the fluctuations to the D-terms
arising from the expansion around the N = 1 vacuum are D¯ exact terms and thus
vanish in the chiral ring. Indeed N = 2 vector multiplet can be organized into a
constrained chrial N = 2 superfield as follows
Ψ = Φ+ θ2W + (θ2)2D (5.22)
Here the auxiliary D is an N = 1 superfield whose bottom component gets an
expectation value at the vacuum. The reality constraint on the N = 2 superfield is
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given by
(ǫABDAσ
µνDB)
2Ψ = −96Ψ† (5.23)
Acting by (D¯1)
2 on both sides of the equation we obtain
4(D2)
2Ψ = 3(D¯1)
2
Ψ†, (5.24)
4D = 3(D¯1)
2
Φ†
Thus D is D¯ exact, but a constant expectation value of D is not subject to this
constraint, due to the presence of the d’Alembertian on both sides of the equation.
Thus fluctuations in the D term can be neglected in the second chiral ring equation
of (5.21).
The chiral ring relations for the hypermultiplets do not receive any gravitational
corrections. This can be seen by careful considerations of the Bianchi identities
involving the hypermultiplets from [11] and the scalings given in (4.21), but here we
present a quick argument. Consider the commutator in (5.1) acting on the chiral
multiplet Q1 obtained from the hypermultiplet, there is only one contribution to the
curvature term, due to the presence of the gauge index on Q1. As Q1 is a scalar it
does not receive any contribution from the gravitino field strength because the chiral
field in (5.1) must carry at least one spinor index to receive a contribution. From the
previous examples we have seen that the torsion term in (5.1) always comes with a
covariant derivative in the 2 direction, as a N = 2 superfield. If D2Q1 is non zero,
it should be proportional to Q2 as D2 mixes the two chiral multiplets of hypers.
But D2Q1 cannot contain any chiral components since Q2 is in the anti-fundamental
representation, while D2Q1 must be in the fundamental representation. Therefore,
from this analysis we see that the only contribution to the commutator in (5.1) is
from the curvature term and that is because of the gauge index on Q1. Thus the
chiral ring relations for the hypermultiplets are given by
Q1Wα = 0, WαQ2 = 0 (5.25)
This completes our analysis of the gravitational deformed chiral rings using the par-
tially broken N = 2 theory.
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6. Generalized Konishi Anomaly equations
In ref.[8], we had obtained gravitational corrections to the effective superpotential
using generalized Konishi anomaly equations. In that derivation we had assumed
that the N = 1 gauge function and Ka¨hler functions at the classical level were
trivial and only the classical superpotential was an arbitrary single trace polynomial
in the chiral field. Furthermore the chiral ring relation that was used, although
similar to eqs.(5.21), was not exactly the same. Specifically the ring relations used
there were
[Wα,Φ] = 0 (6.1)
[Wα,Wβ] = Fαβ + 2GαβγW
γ (6.2)
So while the second ring relation is the same as in eq.(5.21), the first one differs.
Note that the right hand side of the first equation (5.21), scales as 1/Λ2. Therefore
in the limit of the supersymmetry breaking scale Λ→∞, the ring relations derived
here reduce to the ones of ref.[8]. Moreover, in this limit, the gauge function (3.17)
and Ka¨hler metric become field independent and therefore in this limit we reproduce
the situation considered in ref.[8].
In this section we will analyze the modifications in the anomaly equations when
Λ is finite and show that there are Λ-dependent corrections. We will also see that the
consistency of the anomaly equations in the presence of graviphoton field strength
crucially requires the N = 2 relation between the superpotential and the gauge
function, namely that they come from the prepotential.
Since Wα and Φ do not commute in the chiral ring (5.21), at first sight it appears
that the derivation of generalized Konishi anomaly equations become very difficult as
now the ordering of Φ with respect to Wα inside traces cannot be ignored. However
by a field redefinition ring relations of (5.21) can be transformed into eq.(6.2). Indeed
from the second ring relation we can obtain the following relation
[Wα,W
2] = −2FαβW β (6.3)
Using this fact it is easy to see that by a field redefinition
Φ→ Φ + i 1
4m˜Λ2
W 2 (6.4)
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the first ring relation of eq (5.21) goes over to that of eq.(6.2). By substituting
the above field redefinition in the action we can read off the gauge function and
the superpotential in terms of the redefined chiral field Φ. In Appendix B, it is
shown that the superpotential remains unchanged while the gauge function becomes
Φ independent constant modulo D¯-terms, and all the Λ dependence drops out. As
this point is important we will demonstrate this cancellation for the first Λ dependent
term here. This Λ dependent term arises from the cubic term of the prepotential in
(3.14). We see from (3.17) the contribution of the cubic term to the kinetic term for
the gauginos is
− g1
Λ2
i
4
Tr(ΦW 2) (6.5)
Now performing the shift of (6.4) in the superpotential on the term m˜ g1
2
Φ2one gets
the same contribution as in (6.5) but with the opposite sign, thus this Λ dependent
term cancels. It is important to stress here that this cancellation between the gauge
kinetic terms coming from the original gauge function and the superpotential, cru-
cially depends on the N = 2 relation between the two. Had we taken an arbitrary
gauge function, which is certainly allowed in N = 1 theory, this cancellation would
not have taken place (in terms of the redefined fields (6.4)) and there would have
been a surviving non-trivial gauge function. We will show below that the result-
ing generalized Konishi anomaly equations then would have been inconsistent in the
presence of graviphoton field strength.
The Ka¨hler function, i.e. the kinetic term for the chiral fields, is however still
a non-trivial function of redefined chiral fields for finite Λ. Note however that all
these non-trivial Φ dependent terms are non-renormalizable. One might wonder if
under a transformation Φ → Φ + f(Φ) where f is an arbitrary function, needed
to derive generalized Konishi anomaly equations, the non-trivial Ka¨hler function
would contribute. Since our equations are chiral ring equations (i.e. modulo D¯
exact terms), the Ka¨hler function can contribute only through generalized Konishi
anomaly. We do not expect that the non-renormalizable terms would contribute to
the anomaly, therefore the structure of anomaly contribution to the Schwinger-Dyson
equations resulting from the above transformation would be governed by the trivial
renormalizable (field independent) kinetic term.
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It then follows that the equations derived in ref.[8] remain unchanged and the
effective superpotential receives no correction for finite Λ. However now we would like
to show that if there had been a non-trivial gauge function (after the field redefinition
(6.4)), we would have obtained inconsistent equations in the presence of graviphoton
field strength. In the following Φ will always denote the redefined field (6.4) so
that in the chiral ring it commutes with Wα. Recall that under an infinitesimal
transformation δΦ = f(Φ,W ), the generalized Konishi anomaly is given by
1
32π2
δfji
δΦkℓ
Aij,kℓ, (6.6)
with
Aij,kℓ = (W
2)kjδiℓ + δkj(W
2)iℓ − 2W αkjWαiℓ +
1
3
G2δkjδiℓ. (6.7)
where the last term is the gravitational contribution to the anomaly. Now consider
a transformation
δΦ = f(Φ,W ) = Fαβ
1
z − Φ + 2Gαβγ
W γ
z − Φ (6.8)
The corresponding generalized Konishi anomaly vanishes (modulo D-terms). Indeed
by using the anomaly (6.7) and the chiral ring relation (6.2) we find that the anomaly
is proportional to:
2Tr(
W 2
z − Φ)(FαβTr(
1
z − Φ) + 2GαβγTr(
W γ
z − Φ)) (6.9)
(6.10)
= 2Tr(
W 2
z − Φ)Tr(
{WαWβ}
z − Φ ) = 0
where we have used the fact that in the chiral ring G2 and (F.G)γ multiplied by F
or G vanish (see eqs.(2.13)-(2.20) of ref.[8] for proof).
Under this transformation the change in classical superpotential vanishes:
δW(Φ) = FαβTr( W
′
z − Φ) + 2GαβγTr(W
′ W
γ
z − Φ) = Tr(W
′{WαWβ}
z − Φ ) = 0 (6.11)
Here and in the following prime denotes derivative with respect to Φ. If there is a
non-trivial gauge function Trτ(Φ)W 2 in the action, then the corresponding change
is
δ(TrτW 2) = FαβTr(τ
′ W
2
z − Φ) + 2GαβγTr(τ
′W
γW 2
z − Φ ) = FαβTr(τ
′ W
2
z − Φ) (6.12)
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where we have used the fact that
Tr(τ ′
W γW 2
z − Φ )) =
1
2
Tr(τ ′
{W γ,W 2}
z − Φ ) (6.13)
= −1
3
(G2Tr(τ ′
W γ
z − Φ) + (G.F )
γTr(τ ′
1
z − Φ)) (6.14)
and the fact that G2 and (G.F )γ when multiplied by another G vanishes in chiral
ring. In the second equality above, we have repeatedly made use of the second ring
relation (6.2).
This shows that the change in the gauge kinetic term does not vanish if the
gauge function τ is a non-trivial function of Φ (the only exception for single trace
gauge function is if τ ′ is proportional to G2). Thus for a non-trivial gauge function
the resulting Schwinger-Dyson equations would be inconsistent with the chiral ring
relations (6.2). As shown in the Appendix B, the triviality of the gauge function is a
consequence of the precise N = 2 relation between the superpotential and the gauge
function, which arises due to the fact that the N = 1 theory is obtained by partial
spontaneous breaking of N = 2 theory.
7. Conclusions
In this paper we have discussed the N = 1 effective field theory arising in the
rigid limit of a partially broken N = 2 supergravity coupled to vector- and hyper-
multiplets, in the presence of a non-trivial background graviphoton Fαβ and gravita-
tional superfield Gαβγ . We have shown that the effective field theory one obtains is
the one discussed in [1] and subsequent literature. Moreover, we have also derived the
chiral ring relations in the presence of the above backgrounds. We have shown that
they are precisely those used in the literature [4, 5, 24, 8] to connect the generalized
gravitational superpotentials of the SYM theory to the coefficients of the topological
expansion in the corresponding matrix model integral. We should stress however
that in our approach the chiral ring is a consequence of the Bianchi identities of the
underlying N = 2 theory and therefore no drastic change in the Grassmann nature
of the gaugino superfield or of the superspace coordinates is postulated.
Another important result of our analysis, supporting the N = 2 interpretation,
is that, in the presence of Fαβ , consistency of the loop equations requires that a non
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trivial gauge function, in principle arbitrary for an N = 1 SYM theory, should in fact
be related to the superpotential precisely in the way given by N = 2 supersymmetry.
A point which deserves better understanding is whether our effective field the-
ory can be derived from the effective action of wrapped D5-branes. Whereas the
relation of fluxes to gauging seems to be well understood on the closed string side
of the closed/open string duality, on the D5-branes side this is not completely clear.
We recall that the crucial ingredient for this partial breaking is the gauging of two
translational symmetries in the hypermultiplet space; with the two U(1) gauge fields
being the graviphoton and another gauge field that decouple completely in the rigid
limit. Here we indicate possible mechanisms for this gauging on the D-brane side.
The obvious candidate for the latter is the center of mass U(1) of the D-brane system.
The hypermultiplets that can naturally play a role in this problem are the universal
one (associated to the dilaton) and the one associated with the (1,1) form dual to
the 2-cycle which is wrapped by the D-5 brane. Consider the Chern-Simons term on
the D-brane world-volume
Scs ∼
∫
d6xC4 ∧ TrF (7.1)
where F is the world-volume gauge field strength and C4 is the RR 4-form potential.
Writing C4 = T2∧ω(1,1) where ω(1,1) is the (1,1)-form dual to the 2-cycle wrapped by
the D-brane and T2 is a 2-form in the remaining directions, and dualizing T2 in the
non-compact 4-dimensional part of the world volume, we find a coupling of the form
TrAµ∂µb where b is the scalar field dual to T2. Thus we see that the center of mass
U(1) gauges the translational symmetry of the scalar field b. Note also that writing
the gauge field as A = Acm1/
√
N +AiTi where Ti are the SU(N) generators and the
factor of
√
N is included so that the kinetic term for Acm is normalized to unity, we
find that the Chern-Simons coupling term is
√
NAµcm∂µb. This is in accordance with
the scaling of charge m as
√
Nm˜ observed in the comments following eq.(5.21).
The issue of the second U(1) gauging by graviphoton is less clear in the context of
D-branes. In IIB theory under consideration, the graviphoton appears from the RR
5-form field strength F5 = F
gr
2 ∧ Ω where Ω is the holomorphic 3-form on the (non-
compact) Calabi-Yau space. Given the fact that in the presence of D5- branes there
is a non-zero flux of the associated RR field strength F3 through the non-compact
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Calabi-Yau space, the 10-dimensional Chern-Simons term
∫
d10xF5 ∧ F3 ∧ B2 could
in principle gauge the translational symmetry of the scalar field dual to the NS-NS 2-
form potential B2. The charge then would be proportional to the integral
∫
CY
Ω∧F3
over the Calabi-Yau space. Thinking of the non-compact Calabi-Yau as a K3 fibered
over a plane, the holomorphic 3-form can be written as Ω = ω ∧ dz, where ω is
the holomorphic 2-form inside K3 and dz is the holomorphic 1-form on the complex
plane, thus Ω = dα where
α =
∫ z
z=z0
ω ∧ dz, (7.2)
therefore ∫
CY
Ω ∧ F3 =
∫
α ∧ dF3 +
∫
α ∧ F3|∞ (7.3)
here by ∞ we mean the boundary on the complex plane at infinity. The first term
in the above equation is finite, infact dF3 is localized at the position of the brane.
However one needs to put a cut off to give a meaning to the second term. Thus
it is not clear if the theory on D5-brane wrapped on a 2 cycle of a non-compact
Calabi-Yau provides a realization of the spontaneously broken theory considered in
this paper. It will be interesting to study this issue further.
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A. Conventions
We list here the conventions for the flat hyper Ka¨hler manifold. The manifold is
parametrized by the coordinates q = (qAu, q¯Au¯), where A = 1, 2 and u = 1, . . .m.
They form a set of 2m complex coordinates. The metric on this manifold is given
by
ds2 = dqAudqBu¯δABδuu¯ (A.1)
We will denote this metric as huv, here u, v refer to the entire set 2m holomorphic
and the anti-holomorphic coordinates, thus hAuBu¯ =
1
2
δABδuu¯. The vielbein one form
is given by
UAai = UAaiBu dqBu + UAaiBu¯ dq¯Bu¯ (A.2)
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Here we have split the Sp(2m) indices as ai with a = 1, 2 and i = 1, . . .m. The
explicit form for the vielbein are
UAaiBu =
1√
2
δa1ǫABδiu, UAaiBu¯ =
1√
2
δa2δABδiu, (A.3)
The vielbein defined this way satisfy the following required conditions for the hyper-
Ka¨hler manifold
huv = UCaiu UDbjv ǫCDǫabδij, (A.4)
(UAai)∗ = ǫABǫabδijUBbj ,
huvǫ
AB = (UAaiu UBbiv + UAaiv UBbiu )ǫabδij
B. Λ independence of the gauge kinetic term
In this appendix we show that after the field redefinition (6.4) the Λ dependence of
the gauge kinetic terms drops out modulo D¯ terms for the N = 1 theory obtained
from partially broken N = 2. We will need the following identities in the chiral ring
which are obtained by simple algebraic manipulations from the basic ring relations
7.
[Wα,W
2] = −2FαβW β, (B.1)
{Wα,W 2} = −2
3
(G2Wα +GαβγF
βγ).
To simplify the first ring relation in (5.21) we perform the following field redefinition
Φ→ Φ + αW 2, α = i
4m˜Λ2
(B.2)
The redefined Φ now commutes with Wα, but we have to perform the same shift in
the action of the spontaneously broken theory. As we have seen in section 3. after
breaking N = 2 symmetry to N = 1 we following obtain the superpotential
W = m˜
n∑
k=1
gk
k + 1
TrΦk+1 (B.3)
Apart from the trivial Λ dependent term in the gauge kinetic function this theory
also has a non trivial gauge function obtained from the prepotential
F ′ = 1
Λ2
n∑
k=1
gk
(k + 1)(k + 2)
TrΨk+2 (B.4)
7For a proof of these identities see [8].
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A convenient way of writing the gauge function of the N = 1 theory is i ∫ d2θˆF ′(Ψ)
and substituting Ψ = Φ + θˆWα + θˆ
2D in the prepotential and extracting out the
coefficient ofW 2 8. Roughly this is given by the second derivative of the prepotential
(B.4). However as Φ andWα don’t commute with each other we have to be careful of
the orderings in higher powers of Ψ. Our aim now is to make the redefinition of (B.2)
in both the gauge function and the superpotential and simplify the resulting higher
powers of W 2 using the ring relations of (B.1). We claim that after the redefinition
to the chiral multiplet which commutes with W α the Λ dependence of the gauge
kinetic term drops out.
As a first test we look at the terms which are of the type Tr(ΦW 2). There are
two contributions, one from the superpotential which is given by m˜αg1Tr(ΦW
2), the
contribution from the gauge function is given by −i 1
4Λ2
Tr(ΦW 2) and thus for the
value of α given in (B.2) they cancel. The −1
4
factor comes if one keeps track of the
θˆ orderings. Terms proportional toW 4 can be rewritten due to the following identity
Tr(W 2W 2Φk) =
1
2
Tr{W αWα,W 2Φk}, (B.5)
= −1
3
Tr(G2W 2Φk + (G · F )αWαΦk)
We also note that
[Wα,W
4] = 0 (B.6)
From (B.5) and (B.6) it is easy to see that contribution proportional (W 4)p for p > 1
vanishes in the chiral ring. This is seen as follows
Tr(W 4(W 4)p−1Φk) =
1
2
Tr(W αWα,W
2(W 4)p−1Φk), (B.7)
= −1
3
Tr
(
G2W 2 + (G · F )αWα)(W 4)p−1Φk
)
For dimensional reasons any reduction of powers of W in the last equation of (B.7)
would involve higher powers of F or G. Any multiplication of F or G with G2 or
G · F vanishes in the chiral ring [8]. Therefore contributions proportional to (W 4)p
vanishes for p > 1.
8This definition of the gauge function gives the correct normalization for the usual kinetic term
for the prepotential Ψ2/2 which is −i/4
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We are now left with terms proportional to (W 2)2p+1. We will now show that
they too vanish. Consider the contribution to (W 2)2p+1 from terms proportional to
gk for sufficiently large k both from the superpotential and from the gauge kinetic
term. The superpotential contributes the following term.
W2p+1 = m˜α2p+1 gk
k + 1
(k + 1)!
(2p+ 1)!(k − 2p)!Tr((W
2)2p+1Φk−2p) (B.8)
We will denote the combinatorial factor in front by Ns =
k+1C2p+1. From the gauge
kinetic term the contribution to (W 2)2p+1 can be organized into two kinds. One
kind of terms can be manipulated due to the cyclic properties of the trace to a
term proportional to Tr((W 2)2p+1Φk−2p), the second kind of terms can be manip-
ulated by the cyclic properties of the trace and (B.6) to a term proportional to
Tr((W 2)2p−1W αW 2WαΦk−2p). We will now find the precise combinatorial coefficient
in front of this term. The second type of terms arise from first choosing k − 2p Φ’s
out of k + 2 terms and then looking for various arrangements of the W ’s such that
there are odd number of W 2 between two single W α’s. This is because if there is
an even number of W 2 between the two Wα they can be commuted through so that
the two Wα become adjacent giving rise to W
2, and therefore gives a term of the
first type. The number of ways of having odd number of W 2’s between two Wα’s is
given by p(p+ 1). This is argued as follows; from the remaining 2(p+ 1) Φ we need
to take two Wα and the remaining 2p W
2. In doing so we must have odd number
of W 2 in between the positions of the two Wα. To count the number of ways we
can have odd number of W 2 between the two Wα, let n denote the position of the
second Wα. Clearly n = 3, ..., 2p + 2. Then the position of the first Wα must be
n− 2k for some integer k so that the number of W 2 in the middle is 2k− 1. Clearly
k = 1, ...[n−1
2
] where the square bracket means the integer part of the argument. The
number of possible values of k therefore is (n−1)/2 for odd n and (n−2)/2 for even
n. Writing n = 2m + 1 for odd n and 2m + 2 for even n we see that the range of
m in either case is from 1 to p and the number of possible k is m. Thus the total
number of such terms is 2
∑p
m=1m = p(p+1). All these terms, by using the cyclicity
of the trace and by moving even powers of W 2 across Wα can be brought to the form
Tr((W 2)2p−1W αW 2WαΦk−2p). Thus the total number of terms of the second type
is No =
k+2Ck−2pp(p + 1), where the binomial factor comes from possible ways of
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picking k − 2p Φ’s out of k + 2 superfields.
Let us now count the number of configurations of the first type namely,
Tr((W 2)2p+1Φk−2p). This is obtained by subtracting the total number of configu-
rations in the gauge function proportional to (W 2)2p+1 by No. The total number of
such configurations is given by Nt =
k+2C2
kC2p.
Therefore the terms proportional to gkW
22p+1 from both the superpotential and
gauge function totally are given by
− i
4Λ2
gk
α2p
(k + 1)(k + 2)
(
(Nt −No)Tr(W 2)2p+1Φk−2p+ (B.9)
NoTr(W
2W αW 2Wα(W
2)2(p−1)Φk−2p)
)
+m˜
gk
k + 1
α2p+1NsTr((W
2)2p+1Φk−2p)
Substituting the values of Nt, No, Ns and α =
i
4Λ2m˜
, we see that the above term
reduces to
− 2α
2p+1N0
(k + 1)(k + 2)
Tr(W 2W α{Wα,W 2}(W 2)2(p−1)Φk−2p) (B.10)
This is because the combinatorial factors satisfy the relation
N0 =
1
4
(2Nt − (k + 2)Ns) (B.11)
Now from the second equation of (B.1) we see that the term in (B.10) is already
proportional to G2 or G · F , therefore reducing the remaining W ’s by chiral ring
identities ensures that such terms vanish.
What remains to compute is the term proportional to (W 2)2 coming from the
superpotential and the gauge function. From the superpotential this term is
m˜α2
gk
k + 1
k+1C2Tr(Φ
k−1(W 2)2) (B.12)
while from the gauge function, since there is no difference between Tr(Φk−1(W 2)2)
and Tr(Φk−1W αW 2Wα) due to the cyclicity of trace, we obtain
−3α i
4Λ2
gk
(k + 1)(k + 2)
k+2C3Tr(Φ
k−1(W 2)2) (B.13)
where the factor 3 in the front appears due the three possible arrangements ofW 2 and
the two single Wα’s. Substituting the value of α we find that the two contributions
(B.12) and (B.13) exactly cancel.
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To conclude, we have shown here that after the field redefinition of Φ, so that
the new field commutes with Wα, all the non-trivial Φ- dependent (and hence Λ-
dependent) part of the gauge function cancels and we are left with just the Φ and Λ
independent gauge function. This was the situation considered in [8].
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